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Image Convolution
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Linear filter and convolution

Many important effects can be modeled with a simple model.
Construct a new array, the same size as the image. Fill each location
of this new array with a weighted sum of the pixel values from the
locations surrounding the corresponding location in the image using
the same set of weights each time.

One example is computing a local average taken over a fixed region.

u=i+k Jj+k

Rij 2/?+ 2 Z Z-Fuv (1)

u=i—kv=j—k

We could average all pixels within a (2k + 1) x (2R + 1) block of the
pixel of interest.
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Linear filter and convolution

Whatever the weights chosen, the output of this procedure is

- superposition: R(f+ g) = R(f) + R(g)
- scaling: R(kf) = RR(f)
- shift invariance: R(Shift(f, R)) = Shift(R(f), k)

This procedure is known as linear filtering
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Linear filter and convolution

Given a filter kernel H, the convolution of the kernel with image F is
an image R. The (i,/)-th component of R is given by

Rij:éﬂ’—_“»f—_v“v- 2] [Ble
outpit /\/:/:/ -

4w
- kernel of the filter: t%;e pattern of weights used for a linear filter
- convolution: the process of applying the filter
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Linear filter and convolution
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Figure 3.10  Neighborhood filtering (convolution): The image on the left is convolved with
the filter in the middle to yield the image on the right. The light blue pixels indicate the source
neighborhood for the light green destination pixel.
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Linear filter and convolution

This operation is called convolution

R(f) = (h+f) 3)

- commutative: (g * h)(x) = (h x g)(x)
- associative: fx (g« h) = (fxg) xh
- distributive: fx (g+h) =f*xg+f=h
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Padding (border effects)

. . . - (eh&tont.
- zero: set all pixels outside the source image to 0 &

- constant: set all pixels outside the source image to a specified
border value

- clamp: repeat edge pixels indefinitely
- wrap: loop “around” the image in a “toroidal” configuration
- mirror: reflect pixels across the image edge

- extend: extend the signal by subtracting the mirrored version of

the signal from the edge pixel value

~ /Wl&d)m?
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Padding (border effects)

blurred zero normalized zero blurred clamp blurred mirror

Figure 3.13  Border padding (top row) and the results of blurring the padded image (bottom
row). The normalized zero image is the result of dividing (normalizing) the blurred zero-
padded RGBA image by its corresponding soft alpha value.
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Examples of linear filter
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Figure 3.14  Separable linear filters: For each image (a)—(e), we show the 2D filter kernel
(top), the corresponding horizontal 1D kernel (middle), and the filtered image (bottom). The
filtered Sobel and corner images are signed, scaled up by 2x and 4 x, respectively, and added
to a gray offset before display.
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Gaussian blur

FIGURE 4.2: The symmetric Gaussian kernel in 2D. This view shows a kernel scaled so
that its sum is equal to one; this scaling is quite often omitted. The kernel shown has
o = 1. Convolution with this kernel forms a weighted average that stresses the point at
the center of the convolution window and incorporates little contribution from those at
the boundary. Notice how the Gaussian is qualitatively similar to our description of the
point spread function of image blur: it is circularly symmetric, has strongest response in
the center, and dies away near the boundaries.
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Gaussian kernel in 2D

Symmetric Gaussian kernel in 2D (noise reduction smoothing)

1 X2+ y?
60000) = 5oz o (<555 ) 3

e

Figure 1: Gaussian blur with o = [01, 1, 4, 10], no padding.
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Derivative and finite differences

Image derivatives can be approximated using a convolution process.

We might estimate a partial derivative as a symmetric finite D oo
difference [@ O@]
R O 00
9635 00 0
Horizontal: vl hiy1j—hiyy H=< 1 0 -1 (5)
d Hertnce- 00 o0
1
: oh 0 0
Vertical: o =~ hi,j+1 — h,',j_l H = 0 0 O (6)
iz 0 -1 0
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Derivative and finite differences
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Figure 2: Horizontal and vertical difference using convolution filter 12/21



Image gradient and Canny edge detection

The gradient of an image is a vector of its partials derivatives

of
Vi=| % ] )
oy
2 2
magnitude = \/(Zﬁ) + (gj;) (8)
direction = atan2 (gj} gj:) (9)

Canny edge detection

1. Gaussian blur
2. Image gradient magnitude
3. Threshold
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Image gradient and Canny edge detection

Figure 3: Quiver plot of image gradient

14/21



Image gradient and Canny edge detection
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Figure 4: Canny edge detection. Original image, gradient magnitude and
thresholding (canny edge detection) image.
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Laplacian of Gaussian filter (LoG filter)

More sophisticated kernels can be created by first smoothing the

image with a Gaussian filter,
X2 +y?
— 10
org2 P < 202 > ’ (10)
and then taking the first and second derivatives. Such filters are

known collectively as band-pass filters, since they filter out both low
and high frequencies.

G(x,y;0) =

The undirected second derivative of a two-dimensional image,

o 9%

2 _ -7

v f_ 8)(2 + ay2a (’H)
is known as the Laplacian operator. Blurring an image with a
Gaussian and then taking its Laplacian is equivalent to convolving

directly with the Laplacian of Gaussian (LoG) filter,
2 2
L 2 Gio). 1)

o4 02

vi6xy:0) =
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Laplacian of Gaussian filter (LoG filter)

LoG filter

Or, simply
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Laplacian of Gaussian filter (LoG filter)
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Figure 5: Laplacian of Gaussian filter 18/21



Sobel operator

The Sobel operator is a simple approximation to a directional or
oriented filter, which can be obtained by smoothing with a Gaussian
(or some other filter) and then taking a directional derivative

Va= %, which is obtained by taking the dot product between the
gradient field V and a unit direction @ = (cos 0, sin 6),

- V(G#f) = Va(G#f) = (VaG) *f. (15)

The smoothed directional derivative filter,

oG oG
i UQETy (16)

where @ = (uy, Us), is an example of a steerable filter, since the value
of an image convolved with G; can be computed by first convolving
with the pair of filter (Gy, Gy) and then steering the filter by
multiplying this gradient field with a unit vector .

Ga = U1Gx + UQGy = Uy
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Sobel operator

Sobel operator for a given u = (uy, Us)

oG 0G
GﬁZU1GX+U2Gy:L’15+U25T/ (17)

with
1 X2+ y?
Gx,y;0) = 2mo? P <_ 202 ) "o
oG x ' 6y :
& = —TG(X,)/,O') ay = 026(X7y70) (19)
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Sobel operator
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Figure 6: Sobel operator with u = (1, 0) (top), u = (0.447, 0.894) (middle), u =

(-0.894, 0.447) (bottom)
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